We construct the N = 1 supersymmetric extension of the generalized Kerr-Schild ansatz in the flux formulation of Double Field Theory. We show that this ansatz is compatible with N = 1 supersymmetry as long as it is not written in terms of generalized null vectors. Supersymmetric consistency is obtained through a set of conditions that imply linearity of the generalized gravitino perturbation and unrestricted perturbations of the generalized background dilaton and dilatino. As a final step we parametrize the previous theory in terms of the field content of the low energy effective 10-dimensional heterotic supergravity and we find that the perturbation of the 10-dimensional vielbein, Kalb-Ramond field and gravitino can be written in terms of a pair of null vectors, as expected.
Introduction
General Relativity is a very non-linear theory and many efforts were made in order to find exact solutions. The rotating black hole solution (the Kerr black hole) [1] was the initial construction of a very simple and powerful ansatz called the Kerr-Schild ansatz [2] . This ansatz consists in an exact and linear perturbation of a background metric tensor g oµν of the form,
such that κ is an arbitrary parameter that allows to quantify the order of the perturbation and l µ is a null vector with respect to g µν and g oµν i.e. g µν l µ l ν = g µν o l µ l ν = 0. (1.2) With this assumption, the exact inverse to (1.1) is
If we ask for linearity in the equation of motion of g µν [3] , then l µ is also a geodesic vector with respect to the background metric g µν l µ ∇ oν l ρ = 0 , (1.4) where ∇ o is a compatible and torsion-free covariant derivative using the Levi-Civita connection that depends on g oµν .
The Kerr-Schild formalism has been successful in different contexts of theoretical physics. It can be used to describe not only the Kerr black hole but also the Myers and Perry black hole [4] , Einstein-Gauss-Bonnet gravity [5] , Einstein-Lovelock gravity [6] , a perturbative duality between gauge and gravity theories referred as Classical Double Copy [7] and it has recently been applied [8] in the context of Double Field Theory (DFT).
In this work DFT [9] , [10] , [11] , [12] , [13] is understood as a rewriting of a classical ddimensional supergravity in a more general way such that the generalized version of the supergravity is manifestly invariant under the action of the G = O(d, d|R) group. As G is closely related to a symmetry of String Theory, DFT is often applied to reformulate supergravities whose bosonic field content includes a 2-form b µν (or Kalb-Ramond field) and a scalar field φ (or dilaton) in addition to the metric tensor. These fields conform the universal NS-NS sector of all the formulations of String Theory. The generalized field content of DFT can accomodate the supergravity field content in multiplets of the duality group and a geometry compatible with the invariant tensors of G can be defined, usually referred to generalized geometry in the literature.
One of the most distinctive features of DFT is that the space-time coordinates of the d-dimensional supergravity must be doubled,
where M = 0, . . . , 2d − 1 and X M is a generalized coordinate that is in the fundamental of G. The addition of the new coordinatesx µ forces the appearance of the strong constraint,
where ⋆ means any combination of fields or parameters of the theory and the contrac- 
parametrized by the background metric tensor g oµν and the background Kalb-Ramond field b oµν .
The generalized Kerr-Schild ansatz was defined by K. Lee in [8] as an exact and linear perturbation of the generalized background metric with the following form 8) whereK M =P M NK N and K M = P M N K N are a pair of generalized null vectors
and ∇ oM is a generalized covariant derivative. Relying on the previous conditions, the EOM of the generalized metric can be linearized in a similar fashion to (1.4) . The ansatz (1.8) and the conditions (1.9) and (1.10) were proposed and analyzed in the semi-covariant formalism of DFT and a perturbation for the generalized dilaton d (parameterized by the 10-dimensional dilaton φ) was also considered.
Main Results
The main goal of this work is to construct the N = 1 supersymmetric extension of the ansatz (1.8) in the flux formalism of DFT [14] , [15] . As we include generalized fermionic degrees of freedom, we are forced to work in the generalized background frame formalism and fix the space-time dimension. Particularly we consider d = 10. Since we are dealing with the same degrees of freedom as the supergravity limit of Heterotic String Theory, we let the inclusion of gauge fields in our setup and our starting point is a N = 1 DFT with G = O(10, 10 + n) invariance, where n = 496 is the dimension of the heterotic gauge group [12] . We consider the leading order terms in fermions and show that N = 1 supersymmetry is compatible with the generalized Kerr-Schild ansatz as long as it is not written in terms of generalized null vectors.
The most general linear perturbation of the generalized frame is,
where A = (A, A) are indices in O(9, 1) L × O(1, 9 + n) R respectively and ∆ A B is a mixedprojected perturbation that satisfies, 12) in order to be consistent with the constraints of DFT. We find that (1.11) cannot be written in terms of generalized null vectors when supersymmetry is considered and therefore conditions (1.10) are not available to simplify the perturbation of the generalized Ricci scalar and/or the EOM of the generalized frame. We perturb the generalized background dilaton, gravitino and dilatino in the following way, 15) where n ≥ 0. With the previous setup we find that N = 1 supersymmetry only restricts the generalized gravitino expansion, 16) while the perturbations of the generalized dilatino and dilaton remain unrestricted. Condition (1.16) forces the following supersymmetric consistency conditions, 17) with δ a generic symmetry transformation.
As a final step we parametrize the generalized perturbations in terms of the heterotic supergravity field content and we find, 18) where e µa is a 10-dimensional vielbein,l a = e µ alµ and l a = e µ a l µ are a pair of null vectors (we consider g ab l alb = 0 for simplicity) and ψ a and λ are the 10-dimensional gravitino and dilatino of the effective heterotic supergravity. The indices µ = 0 . . . 9 and a = 0 . . . 9 are space-time and O (1, 9) Lorentz indices respectively. In (1.18) n is not fixed by supersymmetry as happens in DFT. The ordinary Kerr-Schild ansatz is recovered when l a =l a . The remaining fields of the effective heterotic supergravity cannot be perturbed 19) where A µi is a 10-dimensional gauge connection and χ is a 10-dimensional gaugino. For the parametrization of the generalized perturbations we consider
and O(10, 10 + n) invariance forces ∆ ai = Θ 0i = 0.
A very interesting aspect of (1.20) is that the supersymmetric extension of the gener- 
where Λ ab parametrizes a O (1, 9) Lorentz symmetry and ξ µ parametrizes 10-dimensional diffeomorphisms. The previous conditions are stronger than the usual geodesic equation, but in this case the equation of motion of g µν is no more linear in κ due to the 10dimensional dilatonic and fermionic perturbations.
This work is organized as follows: In section 2 we introduce the field content, the symmetries and the action principle of N = 1 DFT for background fields. Section 3 is dedicated to explore the supersymmetric extension of the generalized Kerr-Schild ansatz.
First we include finite perturbations on the background field content. Then we discuss the supersymmetric consistency conditions and write schematically the action principle and the equations of motion. In section 4 we parametrize the theory in terms of the field content of the 10-dimensional heterotic supergravity and find the extra supersymmetric conditions that are necessary for consistency. Finally, in section 5 we present the conclusions of the work and some future directions to explore. 
where we use η and η −1 in order to lower and raise all the G-indices.
Another symmetry of the theory are generalized diffeomorphisms, generated infinitesimally by ξ M through the generalized Lie derivative, defined bŷ
where V M is an arbitrary generalized tensor, t is a weight constant and f M N P are the generalized version of the structure constants that satisfy
The theory is also invariant under a local double Lorentz H = O(9, 1) L × O(1, 9 + n) R symmetry generated infinitesimally by a generalized parameter Γ AB where A = (A, A) = (a, a, i) splitting into O(9, 1) L and O(1, 9 + n) R vector indices, A = 0, . . . , 9 and A = 0, . . . , 9 + n, i.e., O(9,1) L ×O(1,9+n) R , and a generalized dilaton field d o . The action of the symmetry groups on these fields is
Consistency of the construction requires constraints which restrict the coordinate dependence of fields and gauge parameters. The strong constraint
where ⋆ refers to products of fields, will be assumed throughout. This constraint locally removes the field dependence on 10 + n coordinates, so that fermions can be effectively defined in a 10-dimensional tangent space.
The frame-formulation of DFT demands the existence of two constant, symmetric and invertible H-invariant metrics η AB and H AB . The former is used to raise and lower the indices that are rotated by H and the latter is constrained to satisfy
The generalized background frame E M o A is constrained to relate the metrics η AB and η M N and defines a generalized background metric H oM N from H AB
H oM N is also an element of O(10, 10 + n), i.e.
It is convenient to introduce the projectors
which satisfy the usual properties 11) and the same can be done with η AB and H AB to define P oAB , P oAB . We use the convention that P oAB , P oAB and their inverse lower and raise projected indices. Since η AB and H AB are invariant under the action ofL, G and H we find, Γ AB = 0, where Γ AB was defined in (2.5), and
A crucial object for the consistency of the theory is the Lorentz covariant derivative.
Acting on a generic vector this derivative is defined as 13) in order to be compatible with η AB and H AB respectively.
Unlike general relativity, DFT consists of a generalized notion of geometry and there are not enough compatibility conditions to fully determine the generalized spin connection.
Only the totally antisymmetric and trace parts of ω oABC can be determined in terms of 15) the latter arising from partial integration with the dilaton density.
The N = 1 supersymmetric extension of DFT is achieved by adding a couple of generalized background spinor fields that act as supersymmetric partners of the bosonic fields: the generalized gravitino Ψ oA and the generalized dilatino ρ o . Under the action of the symmetry groups these fields behave as
The covariant derivative of spinor fields acquires an additional term in order to derive the spinor indices. For instance, the covariant derivative of the generalized background gravitino and generalized background dilatino are
The gamma matrices satisfy a Clifford algebra for H
and we use the standard convention for antisymmetrization of γ-matrices γ A..
The generalized supersymmetry transformations of the fundamental fields are parameterized by an infinitesimal Majorana fermion ǫ, that is a spinor of O (1, 9) L . These transformations can be written as
If we now include all the symmetries described in the previous subsection, the background fields transform as
It is straightforward to show that the previous transformation close off-shell 1 with the following parameters
where the C f -bracket is defined as
(2.21)
The invariant action
The transformation rules of the background fields discussed in the previous subsection leave the following action invariant (up to leading order terms in fermions)
where L oF is the fermionic part of the Lagrangian and R o is the generalized Ricci scalar,
(2.23)
We can notice that the previous expression is written in terms of determined components of the generalized spin connection, even when it is obtained from a T-duality invariant curvature tensor R ABCD which is not fully determined. Moreover, the covariant derivatives appearing in L oF are also fully determined and therefore the full N = 1 action is fully determined.
The N = 1 DFT action is invariant under G, H, generalized diffeomorphisms and supersymmetry. The equations of motion obtained from (2.22), up to leading order terms in fermions, are
where R oBA is the bosonic part of the EOM of the generalized frame.
Up to this point, we have described the basics of N = 1 DFT for generalized background fields. In the next section we perturb these background fields, asking for a linear perturbation of the generalized frame. This perturbation is compatible with N = 1 supersymmetry and reduces to a generalized Kerr-Schild ansatz when supersymmetry is turned off. Then we inspect how N = 1 supersymmetry is accomplished in the other fields of the theory.
3 The N = 1 supersymmetric generalized Kerr-Schild ansatz 3 .
Finite perturbations on the background fields
We consider the most general linear perturbation for the generalized frame in the flux formalism of DFT. We start defining,
with κ an arbitrary parameter and ∆ A B a mixed-projected perturbation that satisfies
∆ AB = 0 ,
in order to be consistent with the constraints of DFT. There is no ambiguity in the contractions in (3.3) . The inclusion of a finite perturbation on the generalized background frame satisfying (3.3) and (3.3) only deforms the curved version of the projectors,
The ansatz (3.1) is compatible with N = 1 supersymmetry and reduces to the generalized Kerr-Schild ansatz introduced in [8] when one considers
5)
The perturbation ∆ AB is a G-singlet, H-vector and a generalized scalar with weight t = 0 with respect to generalized diffeomorphisms. The generalized background dilaton can be perturbed with a generic κ expansion,
with n ≥ 0. The function f is a G-singlet, a H-invariant and a scalar with weight t = 0 under generalized diffeomorphisms. The previous expansion was introduced in [8] in the context of Heterotic DFT but supersymmetry was not considered. As we are interested in this last point, we mimic the structure of the generalized perturbation of the generalized dilaton and propose
and
κ n g n . In the next part of this work we explicitly show how supersymmetry truncates the κ expansions for some of the the generalized background fields in order to be consistent with the supersymmetric extension of the generalized Kerr-Schild ansatz defined in (3.1).
Supersymmetric consistency conditions
We start analizing the supersymmetric transformation of ∆ AB . Considering 3.9) and proposing the κ expansions discussed in the previous section we find,
where we have used δ (n) (∆η −1 ∆) = 0, (3.11) with δ a generic transformation. The expression (3.10) forces Θ n = 0 , n ≥ 1 .
( 3.12) On the other hand (3.10) is correct up to a generalized Lorentz transformation that can be reabsorbed in the generalized Lorentz parameter. Let us observe that the decomposition of ∆ AB in terms of null vectors K M ,K M is not allowed since (3.10) cannot be solved for both vectors.
The supersymmetric transformation of Θ A is
Since the perturbations on the fluxes are cubic in κ, we need to impose some supersymmetric consistency constraint on the generalized gravitino transformation. Explicitly we have, 3.17) where we have used the following notation f ABC = f M N P E M A E N B E P C . Therefore we impose the following supersymmetric consistency constraints, 3.18) in order to reproduce a linear κ expansion for the generalized perturbed gravitino. This requirement cannot be solved invoking (3.11) and thus (3.18 ) must be treated as extra constraints on the theory.
By a similar argument we seek constraints in the generalized background dilatino transformation, 3.19) where
Because of the appearance of f in the last expression, we have an infinite κ expansion for the generalized dilatino that can be solved once the generalized dilaton is solved.
The previous statement means that the κ expansion of these fields are not restricted by supersymmetry.
Perturbed action and equations of motion
Up to this point, we have perturbed the field content of N = 1 DFT in a consistent way.
The action of the perturbed theory must be of the same form as (2.22), i.e. 3.22) and the equations of motion up to leading order terms in fermions, are
Since the generalized geodesic equations introduced in (1.10) cannot be defined in terms of ∆ AB , R BA has cubic contributions of the perturbation parameter κ coming from the generalized fluxes 2 . As a consequence, the generalized equations of motions are no longer linear in κ even if f = g = 0, unlike the result obtained in [8] .
In the next section we proceed to parametrize the previous field content and find the necessary conditions to obtain the N = 1 supersymmetric extension of the ordinary Kerr-Schild ansatz in the context of the low energy effective heterotic field theory. We start reviewing the parametrization of the background field content and then we go straightforwardly to the perturbative theory.
4 Reduction to N = 1 supergravity
Parameterization of the background field content
We start by splitting the G and H indices as M = ( µ , µ , i) and A = (A, A) with A = a, A = (a, i), respectively, µ , µ , a, a = 0, . . . , 9, i, i = 1, . . . , n. The parametrization of the fundamental background fields of N = 1 DFT must respect all the constraints of the theory. The generalized background frame is an O(d, d + n) element, so it is parametrized in the following way,
where e oµa and e oµa satisfy e oµa η ab e oνb = e oµa η ab e oνb = g oµν , (4.2) with η ab the ten dimensional flat metric, a, b = 0, . . . , 9,
being the gauge connection. The invariant projectors of DFT are parametrized in the following way (4.5) where Λ ab denotes the generator of the O (1, 9) transformations. We also impose δE i i = 0 and δE µ i = 0 which leads to
where we have parameterized the generalized gravitino field as Ψ oA = (0, e µ o a ψ oµ ,
The structure constants are trivially incorporated,
(4.8)
In addition we parameterize
where the parameter ξ µ is associated with the usual Lie derivative, defined as (4.10) with v µ a generic tensor. The parameter λ µ parameterizes the abelian gauge symmetry of the background Kalb-Ramond field, 11) while ξ i is the non-abelian gauge parameter. On the other hand, the parametrizations of the generalized background dilaton and dilatino are
The γ-functions γ a = γ a δ a a verify the Clifford algebra 4.13) and the supersymmetric transformation rules of the background field content are
The transformations (4.14) leave the low energy effective heterotic action invariant S = d 10 x e e −2φo R − 1 12
where L F depends on the fermionic content of the theory. A detailed form of this is given in [15] . The conventions for the Riemann tensor are 15) and therefore the Ricci scalar is (4.16) 
Parameterization of the perturbations
In section (3) we introduce the supersymmetric extension of the generalized Kerr-Schild ansatz in the flux formalism of DFT. Now we proceed with the parametrization of the perturbations of the generalized fields.
We start by considering that both components of the generalized frame 4.17) are O(10, 10 + n) elements. So we can parametrize them as where ∆ ab is a symmetric perturbation that verifies
and ∆ ai g ab ∆ bj = 0 ,
The previous parametrization can be decomposed in the following way,
where l a = e µ a l µ is the rotation of the null vector associated to the perturbation of the metric (1.1), that satisfies l a η ab l b = 0 , In (4.24) ∆ ai = 0 is a requirement in order to work with the following gauge fixing e iī = e oiī (4.28) and we impose η ab l alb = 0 for simplicity.
A very interesting aspect of (4.25) is that the supersymmetric extension of the Kerr-Schild formalism can be done in terms of a pair of null vectors, as we are going to verify.
Using (4.18) and recalling that the generalized frame is an element of O(10, 10 + n) it is straightforward to find,
From the previous expression we note that the standard Kerr-Schild ansatz can be obtained in the case l a =l a . On the other hand, the perturbation of the 10-dimensional gravitino is
The supersymmetric transformation of l a andl a in terms of ∆ ab can be read from (3.10) . When we parametrize it we find, (4.31) where the second term comes from the gauge fixing (4.5) of the double Lorentz parameters.
In this point we identify
to finally obtain
Therefore we have showed that it is possible to decompose ∆ ab in terms of a pair of null vectors transforming as, (4.35) In the previous expressions we recognise a scalar transformation with respect to diffeomorphisms and a local Lorentz transformation. The identification (4.32) is consistent as long as both sides transform in the same way, which includes some extra supersymmetric consistency conditions at this level.
Let us observe that all the supersymmetric consistency conditions found in this work are stronger than the usual requirements of the ordinary Kerr-Schild ansatz but the EOM for g µν is not linear in κ due to the fermionic and dilatonic degrees of freedom. As we have seen in the previous section, the perturbation of the dilaton is not constrained by supersymmetry,
and consistently, the perturbation of the dilatino has to be,
Finally, as the bosonic gauge sector is unperturbed, we have Θ oi = 0 (4.38) and therefore χ i = χ oi .
Conclusions
In this work we present the supersymmetric extension of the Generalized Kerr-Schild ansatz in the flux formulation of N = 1 supersymmetric DFT. This ansatz is compatible with N = 1 supersymmetry as long as it is not written in terms of generalized null vectors.
We find that imposing a set of supersymmetric consistency conditions the perturbation of the generalized gravitino is linear in κ. The perturbations of the generalized dilaton and dilatino have no restrictions.
When we parametrize the theory in terms of the field content of the low energy effective heterotic supergravity, we find linear perturbations for the 10-dimensional vielbein, Kalb-Ramond field and gravitino in terms of a pair of null vectors and an unrestricted perturbation for the 10-dimensional dilaton and dilatino. The remaining fields of the theory, A oµi and χ o cannot be perturbed. Moreover, the supersymmetric conditions found in the N = 1 DFT framework must be supplemented with extra consistency conditions.
However linearity in the EOM of g µν cannot be achieved when supersymmetry is turned on.
The present results open the door to future directions:
− Finding all the 2-derivative deformations to the DFT action was addressed in [16] and then fully studied in several works [17] . In [16] , a biparametric family of duality covariant theories was introduced. Some of them are low energy effective field theories of string theories but some of them are not (the main example is the so-called HSZ theory [18] ). Exploring the Generalized Kerr-Schild ansatz in all these theories is straightforward with the results of this work.
− Extended Kerr-Schild (xKS) [19] is a possible deformation of the Kerr-Schild anzast which consists in a linear perturbation using 2 null vectors and the inverse metric tensor receives an exact and second-order perturbation. Implementing this kind of more general but exact ansatz in the context of N = 1 DFT would allow to describe a wide range of heterotic supergravity solutions in a duality convariant way.
